ABSTRACT. Let G be a group and let J1. and .Ie be elements of G, Necessary and sufficient conditions are presented for the solution of the following problem: Is there a knot K in S3 and a representation p: III (S3 -K) --+ G such that Let G be a group and let J1 and A be elements of G. Is there a knot K in S3 and a surjective homomorphism p:
Proposition 2. X is a surjective homomorphism with kernel R.
An interesting result that should be mentioned at this point is that for finite groups the condition of being weight one is equivalent to having cyclic abelianization. This is a result of Kutzko [8] .
The history of this problem is as follows. Gonzalez-Acuna [4] proved that for a pair (G. Jl) as above, there exist a knot K in S3 and a surjective representation p: 1l,(S3 -K) --+ G such that p(m) = Jl. This result solved a problem posed by Neuwirth, question U of [10) . Johnson [5] gave a second more direct proof of that result. His construction was discovered independently by Casson, in unpublished work. The necessity of conditions (1) and (2) in Proposition 1 was discovered by Johnson [6] in his extension of [5] and independently by Edmonds and Livingston [3] in their solution to a problem posed by Fox and Perko, question 1.24 of [7] .
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PRELIMINARIES
For the most part, this work is independent of [3] and [6] . Some of the preliminary material described in this section is common to all three. We will outline the proofs of these basic results; the reader may fill in the details or consult the earlier works.
We will be working in the smooth, oriented category. A reference for knot theory and three-dimensional surgery is [11] . A reference for the bordism results is [2] .
If y is a closed, based path in a space X, we will denote the class of that path in the fundamental group of the space by y as well.
In general, we will avoid references to basepoints for the fundamental groups of spaces. One comment is required. For a knot complement the basepoint can be chosen to lie on the boundary of a tubular neighborhood of the knot, the "peripheral torus." The meridian and longitude are defined in the usual way.
Let KI and K2 be knots in S3 with representations Pj: Proof. If Al and A2 are realizable, then a connected sum can be used to show Al A2 is realizable. To realize A ~ I , use the mirror image of the knot used to realize Al ' with orientation reversed. That R is non empty is the key result of [4, 5] . It follows from a proof similar to the one we give for Theorem 3 as well.
Bordism results. Suppose that p: tr I (Mn) -+ G is a representation of the fundamental group of a closed, oriented n-manifold to G. There is an induced map of Hn(M n ) -+ Hn(G). Denote the image of the generator of
Recall that for n = 2 or 3 the natural map 0n(G) 
It will be left to the reader to check that {/1. A} is well defined. Briefly, note that the choice of W 3 does not affect the value of {/1. A} , as we are working We wish to verify that conditions (1), (2) , and (3) of Proposition 1 hold for the pair (J.l,;').
Conditions (1) and (2) are straightforward. Observe that 
The necessity of condition (3), {J.l,;'} = 0, is slightly more difficult. S3 -N (K) can serve as the manifold M3 used to define {J.l,; '}, where 
Since HI (N 3 ) = Z and G/d is abelian, the above maps factor through maps to Z and K(Z, 1). The argument is completed by noting that H3(Z) = O.
X IS SURJECTIVE
In the case that d = G or G/d = Z it holds that Q is trivial. Hence,
In order to show that X is surjective we need the fact that J.ln E P . The only difficult observation here is that J.ln E d' ; it is only clear that J.ln Ed. We leave the proof of this purely algebraic theorem to Appendix 2.
Given this, we claim that X(J.l n ) is a generator of Q. The map ¢: It follows that the manifold M3 used in defining {J.l, J.l n } can be taken to be S I x B2 . Hence the manifold M3 uS I X B2 is a lens space. If the construction is done carefully one sees that M2 u Sl X B2 can be taken to be the lens space
L(n,l).
The final result needed is that if
Recalling that L(n, 1) is a threedimensional approximation to K (Z n ' 1) , the result is immediate.
Corollary. x(ln) is the reduction of h times a generator of H 3 (G/d) in Q.
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PRELIMINARY REALIZATION RESULTS
At this point it remains to show that if A E Ker(x) then A E R. In this section we will prove two preliminary realization results. In order to prove Theorem 2 we must produce a curve C as above, with p( C) = 1 and with the linking number of C with K being n. With C satisfying these properties there will be representation p':
which suffices for the proof of Theorem 2.
Arranging C to be un knotted is not difficult. Observe that if J 1 U J 2 is any link in S3 , J 2 is homotopic in S3 -J 1 to a curve which is unknotted in S3 .
It is easy to find a simple closed curve C 1 in S3 -K with p( C 1 ) = fJ,n and with linking number n with K. Just take mn and perform a homotopy to make it embedded. If we could find a second simple closed curve C 2 with p( C 2 ) = fJ,n and with linking number 0 with K we would be done. Just set C to be the connected sum of C 1 with an orientation reversed C 2 . We need the following algebraic result. The meridian to K is m.
We now wish to do surgery on W 3 , in the complement of K, to reduce it to S3. This is certainly possible, as every closed oriented 3-manifold is obtained by surgery on a link in S3 [9, 12] . The delicate point is to do the surgery in such a way that we can maintain a representation to G throughout and not change its behavior on the peripheral subgroup. This will be possible if we perform surgery only on curves Y i for which p(yJ = 1. The following indicates that this is possible.
Claim. Any simple closed curve y ~ M3 is isotopic, in W 3 , to a curve y' ~ M3 such that p(y') = 1 . Proof of Claim. Pick a path (J from y to K. Perform an isotopy of y along (J to K and then across K, as illustrated in Figure 1 . The effect is to multiply the element of n l (M 3 ) represented by y by a conjugate of m. The choice of (J determines which conjugate. p(y) is multiplied by a conjugate of J-l, determined by " p( (J) ." (Basepoints must be selected in order for (J to represent an element of n 1 (M 3 ) .) As p is surjective, we can mUltiply by any conjugate of J-l. p(y) can be written as a finite product of conjugates of J-l, so repeating the above procedure yields the desired result.
The preceding claim indicates that it is possible to perform the required surgery over G. We now have a knot K ~ S3 and a surjective representation As
Similarly, define the closed manifold N2 = (S3 -N(J) It follows that h = k . a + b . n for some a and b. Since tin E R (use the knot J and representation a to show fl-kn E R) and fl(n 2 ) E R (by Theorem 2), it follows from Theorem 1 that flakn+b(n2) = flhn is in R as well. This completes the proof of Proposition 2.
COROLLARIES
As an application of the above results we describe situations in which P = R. Notice that by Theorem 3, showing that P = R reduces to showing that fln E R. The results of this section were originally proved in [6] .
Proof. One proof is to note that Q = O. A second is to observe that fl E R , by Theorem 2.
Proof. Again, Q = O. As a second approach, Theorem 3 can be applied directly.
Although P and R are defined in terms of fl, note that PI R is independent of fl, being isomorphic to Q. Corollary 3. If G is normally generated by an element of order n, then Q = O. Proof. Let fl be that normal generator. Then fln E R, so P = R. Hence
An application of Corollary 3 is to the group Sm ' We will discuss in Appendix 3 examples by Gordon of groups G which are finitely generated and of weight one for which Q i-O. We should note here that there are finitely generated groups of weight one for which Q = 0, but
Corollary 3 does not apply. Johnson discovered the following interesting one
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ADDITIVITY OF { , }
It is our goal here to show that if Al and A2 are in P, then {.u, Al A 2 } = {.u ,AI} +{.u ,A 2 }· We will prove that {.u, Al A 2 } -{.u ,AI} -{.u ,A 2 } is represented by a representation of 7r1 (Sl x S2) to GjG. It is hence trivial in Q, as any representation of 7r 1 (SI x S2) extends to one of 7r 1 (SI x B 3 ) .
We will view representations of the fundamental group of spaces as corresponding to maps of those spaces into Eilenberg-Mac Lane spaces. Details concerning choice of basepoints will be left to the reader. The manifold used to compute {.u ,A I A 2 } will be constructed from those used to compute {.u ,AI} and {.u, A 2 }. In the following, p: We can view MI and M2 as being contained in N3 as well as in NI and
with proper boundary identifications. Denote the Sl x B2 by (Sl X B 2 )3' Similarly, Ni -Mi ~ Sl X B2. Denote these copies of Sl x B2 by (Sl X B\ .
We have the equality [N 3 ,
can occur in the difference, and we see that the class being studied is represented by the appropriate map, involving restrictions of the 7 i , of (Sl
The map 7 i , i = 1 or 2, and 73 agree on longitudinal annuli of (Sl x B\
and (S xB )3. Hence f l , f 2 ,and f3 together define a map of (S xB )IU We have immediately that G is finitely generated and that G = (a). Also GIG' = Zn ' Let FI be the free group on {a, b}, F2 be the free group on {x, y} , and F3 be the free group of rank 4 on the elements given in the four equalities. One has to check that the elements on the left (right) are a basis for a free subgroup of FI (F 2 ) . This is clear: call the elements on the left A, B, C, and D, and consider a reduced word in A, B, C, and D. Such a word obviously has nonzero length as a word in a and b. (Just look at the maximal consolidations that can occur.) Similarly for the elements on the right.
